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We investigate the dynamics of three-dimensional lattice gauge theories by means of an external abelian mag- 
netic field. For the SU (2) lattice gauge theory we find evidence of the unstable modes. 



A useful approach to investigate a given physi- 
cal system is to submit it to an external perturba- 
tion. In this note we consider three-dimensional 
lattice gauge theories in an external abelian mag- 
netic field. In three dimension has dimension of 
the mass, so the theory is super-renormalizable. 
Thus, one may hope that the approach to the 
continuum will be faster than in four dimen- 
sions. Moreover in three-dimensional space-time 
one can perform Monte Carlo simulations on 
rather large lattices. Indeed we was able to do 
numerical simulation on lattices which range in 
size up to 40^. 

For SU (2) we are interested in the so-called 
unstable modes. Previous studies in four dimen- 
sions[l,2] indicated that one needs sizeable lat- 
tices to display the unstable modes. Recently[3] 
A.R. Levi and J. Poloni claim evidence of the un- 
stable modes in four dimensions. These authors 
suggest that _L > 18 in four dimensions. 

The abelian background fields on the lattice 
can be introduced by means of an external cur- 
rent[4,5]. In the Euclidean continuum the SU{2) 
background action reads [5]: 



Taking into account the periodic boundary con- 
ditions we write 
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where n is a positive integer. The total action for 
external constant magnetic field is 
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where is the abelian projected plaquette an- 
gle, and Sw is the standard Wilson action. Re- 
cently H.D. Trottier and R.M. Woloshyn pro- 
posed a different discretization for the abelian 
field strength tensor[6] (for a comparison with 
these authors see Ref.[7]). 

We are interested in the vacuum energy density. 
For SU (2) we have 
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To discretize the background action we must de- 
fine the Abelian-like field strength tensor i*"^ = 
\dfj,A^{x) — d,^A^^{x)\ on the lattice. We used the 
abelian projection [5]. 
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Figure 1. The U{1) vacuum energy density differ- 
ence versus /3. The iattice size is _L = f6. Circies 
and squares correspond to n = 3 and n = 6 re- 
spectiveiy. The dashed fine is the ciassicai mag- 
netic energy K-Fff')^- 



Figure 2. The SU{2) vacuum energy density dif- 
ference versus /3. The lattice size is _L = 16. Cir- 
cles and squares correspond to n = 5 and n = 10 
respectively. The dashed line is the classical mag- 
netic energy for n = 5. 



In the weak field strength region (which is the re- 
gion relevant for the continuum limit) we can ne- 
glet the electric contribution to the energy den- 
sity. This allows us to measure directly during 
Monte Carlo runs the energy difference [8]. We 
have checked that the two methods give consis- 
tent results in the whole range of the applied field 
strengths. In Figure 1 we dispay the U{1) vacuum 
energy difference versus /3 for two different values 
of the external magnetic field. In the strong cou- 
pling region we see that the external magnetic 
field is screened. By increasing /? the magnetic 
field penetrates into the lattice. The dashed line 
is the classical magnetic energy. The agreement 
with the continuum expectations is rather good 
for weak field strengths. In Figure 2 we show the 
SU (2) vacuum energy density versus /3. At first 
sigth Fig. 2 looks similar to the previous one. 



Indeed at strong coupling the abelian magnetic 
field is screened, and by increasing /3 it penetrates 
into the lattice. However the vacuum energy is 
smaller by more than one order of magnitude with 
respect to the classical magnetic energy (dashed 
line). This drastic reduction of the vacuum en- 
ergy can be ascribed to the unstable modes. In 
Ref.[8] we showed that in the one-loop approxi- 
mation the vacuum energy density is given by 

where 

/(a;) = 03/2^;^/' + 02^;' . (10) 
Neglecting the unstable modes Eq.(9) coincides 
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with the one-loop effective potential: 
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On the other hand, after stabilization of the un- 
stable modes we get 
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Moreover the chromomagnetic field is strongly 
screened by the unstable modes. Indeed we 
found [8] 
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Equation (13) is to be compared with the re- 
sult we would have obtained without the unstable 
modes 
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In Figure 3 we show the scaled energy density 
versus the scaling variable x. We see that the 
scaling law Eq.(9) is satisfied quite well by the 
data. Moreover the data are in satisfying agree- 
ment with Eq.(12) (dashed line) in the weak field 
strength region, but are in striking disagreement 
with the one-loop effective potential (dotted line). 
We have also measured the chromomagnetic field 
strength (see Fig. 3 of Ref.[8]). Again we found 
that the data were close to Eq.(13). The disagree- 
ment with our theoretical calculations is due to 
a very small (02 ~ 0.015) classical-like term in 
the energy density. In view of the fact that the 
absence of the classical term in the energy den- 
sity can be obtained only in the thermodynam- 
ical limit [8] we feel that our Monte Carlo data 
support the evidence of the unstable modes. In 
particular, we showed that the states with a con- 
stant chromomagnetic background field are not 
energetically favoured with respect to the pertur- 
bative ground state. Thus these states are not 
relevant for the dielectric model of confinement. 
However, the drastic reduction of the energy due 
to the unstable mode condensation leaves open 
the possibility of a confining vacuum which be- 
haves like a ferromagnet with random oriented 
domains. 
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Figure 3. The scaled vacuum energy density ver- 
sus X. Full and open symbols refer to _L = 20 
and L = 40 respectively. Squares correspond to 
/3 = 7, circles to /3 = 10, triangles to /3 = 12, and 
diamonds to /3 = 15. The curves are discussed in 
the text. 
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